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Finite-size effects on the approach of complete wetting
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Laboratoire de Physique Théorique et Hautes Energies, Bitiment 211, Université Paris-Sed,
21405 Orsay, France

Received 1 December 1994

Abstract. We perform an exact model calculation of the unbinding transition of a one-
dimensional interface from a substrate on the approach of two-phase coexistence. This transition
is modelled in a solid-on-solid (s0s) model with discrete columns which have a partition function
calculated for a finite substrate area A. In the limits of large A and a small distance jAu| to
coexistence, the partition function becomes 2 function of the the scaling variable x = (A>3 A,
The interface-to-substrate distance ! diverges as { oc }Au|~#, with # = —1/3 if the two limits
are taken at constant or diverging x. If x vanishes, a finite-size regime appears in which g = —1.
A related interface model in continuous space was stedied earlier by Kroll and Gompper and
our scaling functions are tdentical to theirs.

1. Introduction

Consider a substrate which in contact with a coexisting liquid and vapour phase prefers
to be covered by the liquid phase. If this substrate is in contact with a vapour phase
which is undersaturated but close to the coexistence region, a microscopic liguid layer will
already appear on the substrate. This layer will grow thicker as the vapour approaches the
coexistence pressure and density such that, when the vapour has aftained coexistence, a
bulk liquid will have formed on the substrate. This growth mechanism is called complete
wetting [1-3].

The divergence of the layer thickness ! in complete wetting is characterized by an
exponent 8:

o jap™ (LD

where |Agp| is the difference between the chemical potential of the undersaturated vapour
and the chemical potential at liquid—vapour coexistence. This divergence has been studied
extensively, mostly in the context of interface models such as the solid-on-solid (305) model
int which the mechanism that drives the interface away from the wall becomes apparent [1-
3]. That is, let [ be the space-averaged height of an interface configuration and only allow an
interface to fluctuate around I while keeping I fixed; the substrate will limit the extent of the
local interface fluctuations around [ since the interface cannot penetrate the substrate. This
cut-off on the fluctuations will disappear with increasing I but the resulting gain in entropy
has to be balanced by the cost of forming a liquid layer under thermodynamic conditions
that favour the vapour phase. Such simple free-energy considerations predict 8 = —1/3
ford =2 and 8 = 0 for d = 3. (The latter value implies a logarithmic divergence of the
layer thickness. These predictions are for the case when there are no long-ranged forces
and no random impurities in the system,) The predictions are supported by various model
calculations [1-3] while we know of one affirmative experiment in 4 = 3 [4].
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These free-energy considerations assume that the interface collides with the substrate
no matter how far away { is from the substrate. However, in the case of a finite substrate
area A the extent of the interface fluctuations around [ is limited by A when [ is sufficiently
far away from the substrate. Therefore, interfaces with a space-averaged height ! far from
the substrate will no longer collide with it. The entropy due to local fluctuations around
[ will be the same for all [ sufficiently far away. Hence, the local fluctuations do not
affect the relative statistical weights of such positions I, We thus expect that, under these
circumstances, the thickness of the liquid layer can be calculated as though the interface
were rigid and completely flat, The divergence of the thickness of such an interface can
trivially be calculated (as we will do in appendix A) and proceeds as the inverse of |Ag|,
ie. f=-1.

The entropy argument suggests that the average interface height of a rigid, flat interface
forms a lower bound on the average height of an interface that can fluctvate around its space-
averaged height [. This can be proven rigorously for an S0S model in arbitrary dimensions,
as we show in appendix A.

We now distinguish between two situations in which the limit |Ag| — 0 can be taken:
one can first take the limit A — oo followed by |Ap| — 0 or one can take the limit
|Ap] — 0 at finite A. In the first case we expect to observe the ‘classical’ value for 8 as
the intrinsic width of the interface is no longer bounded by A; the interface will thus collide
with the wall no matter how far away from the wall its space-averaged position [ is. In the
second case we expect § = —1 as the interface will no longer collide with the substrate
for |Ap] small enough. In the more general process of taking the limits |Au| — 0 and
A — o0 simultaneously, we expect that if A increases quickly enough we will stay within
the classical regime; if, however, A increases too slowly we expect to crossover into the
non-classical or finite-size regime.

The existence of two such regimes has been observed before by Kroll and Gompper [5]
in the framework of a renormalization-group (RG) calcuiation of wetting transitions, The
two regimes have been demonstrated in an exact solution of a one-dimensional interface
model in continuous space [5]. We aim to demonstrate this finite-size effect in an exact
solution of a one-dimenstonal OS5 model with discrete columns, This is the subject of the
next section. Concluding remarks are given in section 3.

2. Complete wetting in a one-dimensional SO5 model

We solve a one-dimensional $0S model with continuous column heights in the presence of
an external field H (note that H plays the role of the chemical potential difference |Ap|
(1-3]) with periodic boundary conditions.

The Hamiltonian of the model reads

N N
HAmD =T iyt =il + H Y ki 2.1
=1 i=l

where {#;} is a set of N continuous height variables in the interval 0 < &; < o0, iyy1 =iy
and J and H are positive,
The partition function is given by

Z = fmdfu ‘e .fm day exp{—,BH} (22)
4] 0

where 8 = 1/%gT and kg is Bolizmann’s constant {unfortunately, £ also denotes the wetting
exponent but there will be no danger of confusing the two).
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The partition function can be written as the trace over the Nth power of a transfer
matrix:

Z= foodh TV(h, h) 2.3)
4]

with
=) ) N
T”(h,h’)=f dhz...f diy [ ] Tk, his) (2.4)
0 0 i=1
with h] = h, hN+[ = h' and

T(h, b') = exp{—B(J |k — '} + HA)}. (2.5)

Note that we may symmetrize the transfer matrix but the choice of (2.5) turns out to be
equally convenient for our purposes. To calculate the trace we determine the eigenvalues A
of T from the eigenvalue equation

f e T (h, KW () = Ag(h). (2.6)
]

This integral equation can be turned into a differential eguation [6] by differentiating it
twice with respect to &, employing

a
™ exp{—BJ\h — W'} = —BJFsgn(h — KD exp{—pJ\h — K|} 2N
2
o expl=BTl = K1) = (~2878(k — ) + F1%) expl~BJ s ~ K1), 28
With (2.8) we find that ¥ satisfies
—28J exp{—BHY (h) + BEI2Ad (B) = Ay (k) 2.9)

where a prime stands for differentiation with respect to 4. Boundary conditions at 2 = 0
for this differential equation can be constructed by differentiating (2.6} once with respect to
h and taking A = 0. We furthermore impose that ¥ vanishes for large %. In this way we
have specified 1, apart from a multiplicative constant, by

" 287
=y + (—T

¥'(0) = B¢ (0)
Him ¥ (k) =0

exp{—BHh} + ﬁzﬁ) P () =0
2.10)

which has to be solved on the positive axis & > 0.
The differential equation can be transformed into a Bessel equation by the substitution

1/2 _
x = (Aﬁgz) exp {-@} @.11)

Note that, from an analogy with the Schridinger equation, we do not expect solutions for
A < 0: this would be analogous to looking for bound states of a particle which experiences
a purely repulsive external potential. However, we can include the possibility of such
solutions by allowing x to be complex.
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In terms of x, (2.10) reads

2&”(x)+xu’r(x)+(x ———) Px) =

, (MBI [ 81\ (2.12)
(2 ()

11m11r(x)—
L x= 0

which has to be solved in the interval 0 < x < +/87//A8H?,

The general solution of this differential equation is a linear combination of J,(x) and
J_,(x) with J, the Bessel function of order v and v = 27/ H [7]. However, any combination
with J_, violates the boundary condition at x = Q as J_, diverges at x = 0, whereas
Jy (0) 0 so ¥ = ¢J, with an arbitrary multiplicative constant ¢.

e spectrum of A values can be inferred from the boundary condition at x =
ﬁg% With the identity

v
Jo= —;J,, + Jua (2.13)

this boundary condition becomes

87 \'*? 2J

Jo —_— =0 V= — 2.14
=1 (( Y ﬁ H2 ) H ( )
i.e. the eigenvalues A are given by the zeros of J,_;. Since v is positive, J,—1 has an infinite
number of simple real zeros. If we denote the positive zeros as {fy~;;}, i = 1,2, ..., with

0 < j,—1.1 < ju-1.2 < ... {the negative zeros are given by {—j,_1;}} then the spectrum of
the eigenvalues is

8 1 2% 1
BHj2 . BJ ji;
where Ay > Az > ....

The trace of the N'th power of the transfer matrix is the sum over the Nth powers of
the eigenvalues:

= () 2(5) @19

We will now inspect the sum in (2.16) in the limit H — 0 and N — co. Since the
limit H — 0 corresponds to v — oo we inspect the behaviour of the {j,—;;} for large v.
The positive zeros of J, can be expanded as [8]

Jui =v=2"18qn 2 L O3 (217
where the a; are the zeros of the Airy function. These are all real, negative and ordered as
O=>a >a>...[8l

Substituting v — 1 for v in (2.17) we can expand the sum in (2.16) term by term as

A=

2.15)

o0 v 2N o
> (J. ) =3 (14 27Rqu™P 4 06, (2.18)
i=1 v=Li =1
Eliminating v in favour of x = N/v¥3 and taking the limit N — oo yields
=] N oo N—o
Z ( ) - Z{x) = Zexp{fﬂa,-x} for § v—> o0 (2.19)
Ju—1.i i=

x = N/ fixed.
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In the limit x — oc the first term of the sum in (2.19) will dominate and hence Z
behaves as

Z(x) = exp{2%3a1 x}(1 + O(exp{2¥*(a; — a1)x})) for x — oo {2.20)
whereas in the limit x — ( the sum will be determined by the behaviour of the terms for

large . In this limit we can replace the a; by their asymptotic expansion for large { {8):
a; =~ —(3mi /2P + O@E~Y3) and replace the sum in (2.19) by an integral

[o.+]
Z(x) :f dy exp{—(3zy)**x} for x — 0. (2.21)
1
The integral is easily calculated and gives
1
Z(X) jad mm for x = 0. (222)
The average height [ of the interface can be calculated as
i @
=—-——=—"1log Z. 2.
) BN 9H og (2.23)
With
2N 1
g i (2.24)

3H 320 HS 8x
we obtain in the limits H — 0 and N — oo, while keeping x fixed,

N—= 0o

w2 b ez for JH 0 (2.25)

= 38(27)23 HR 3x
x = N/ fixed.

This scaling form is the same as that obtained from the RG calculation of [3] (this can be
seen from the authors’ expression for (z7) at the top of page 437 with ¢ = 1, { = 1/2,
Ay = 3/2 and & ~ k%), This shows that I diverges as [ ~ H? with 8 = —1/3 when the
limits N — o0 and H — 0 are taken at constant x.

We obtain the same exponent 8 = —1/3 in the ‘classical regime’ in which we first let
N go to infinity at fixed H, ie. x — 00, before we take H to zero. From (2.20) we find

N -
for { # =0 (2.26)
x =N/ 5 oo,

2(!1 1

I= T 3BIWBHIR

In the ‘“finite-size regime’ H — 0 at fixed N, i.e. x — 0, we obtain from (2.22)

. N — oo
o — H—-0 .
l NBH for (2.27)
x=N/WP >0
and thus an exponent g = —1.

A solution of a spatially continuous version of the one-dimensional 808 model has been
proposed previously by Kroll and Gompper [5]. The authors do not pursue the calculation
to the point that their expression for Z can be compared with (2.16) or (2.19) directly.
We show in appendix B, however, that their expression is, apart from a different metric
prefactor, equal to (2.19). This confirms the expectation that finite-size scaling functions
are universal for this transition.
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3. Conclusions

We have demonstrated, by means of an exact calculation, the appearance of a finite-size
regime in the unbinding of a one-dimensional interface, We calculated the scaling functions
for the partition function and the layer thickness and showed that they depend on a single
scaling variable only. A previous calculation [5] on a slightly different interface model
yielded the same scaling functions and, apart from a metric prefactor, the same scaling
variable. This correspondence confirms the universal character of the transition, Both
models illustrate the predictions of a RG calculation [5].

We have proven that in a system of finite size the interface height diverges at least as
fast as o 1/{An| in dimensions larger than two. This shows that the crossover from the
usual (infinite-size) regime to 2 finite-size regime also occurs in higher dimensions; this is
because the infinite-system exponents predict a slower divergence.
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Appendix A.

We prove that the average height above 2 substrate of a SOS interface is always larger than
the average height of an interface that is held completely fat.

The Hamiltonian of a d-dimensional SOS model is a straightforward generalization of
2.1

HD =7 i —hil+ HY (A1)
.Y i

where the height variables {;} are now defined on a 4-dimensional square lattice and the
sum over (i, j) is over all the nearest-neighbour columns in the lattice. The lattice contains
A = N9 columns and has periodic boundary conditions in all directions.

The probability that a randomly chosen interface configuration has an average height 2
is

w{h) exp{~-BN?Hh}
Jo. dh w(k) exp{—BN¢Hh}

Pl HY = (A2)

{because we will keep N fixed in this appendix we do not list it as an argument of P) with

w(h):f ' dk;.,.f " ke expl—p S b — Ay} (A3)
o o @hn

in which the stars indicate that the integration is restricted to those configurations {i;} that
satisfy

= Y h=h (Ad)
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Since the number of configurations that satisfy (A.4) will become larger when A is chosen to
be larger and the Bolzmann factor in (A 3) is invariant under translations of a configuration
normal to the substrate, we have

dwh)

The probability that an interface that is forced to remain flat is at a height % is
exp{—BN¢HE)}

h, H) = . A
Pl ) = TS ah expl—pNAHR) (49)
The average heights of the two types of interface are
=+
I(H) = f dh hP(h; H) (AT)
0 oc’dh I
a(H) fo palhs H) = g (A8)
and we can express the difference in average heights as
1 @ e
[—Ilg= _Wﬁ log'/(; dh wh)pa(h; H). (A9)

Due to (A.5) and the fact that pg is a simple exponential with a decay length proportional
to 1/H, we know that

a 0
a—ﬁl dh wih)pa(h; HY <0 (A.10)

and thus
[ =>1I. (A.11)

From this it follows that in the limit & — 0 at N fizxed, I will diverge at least as fast as
1/H, ie. 8 £ —1. From the physical picture sketched in the introduction it may safely be
concluded that 8 = —1 and that (A.8)} is the exact leading-order behaviour in the finite-size
region (as is trve for the one-dimensional modei, see (2.27)).

Appendix B.

Kroll and Gompper [5] previously solved a one-dimensional 08 model in continuous space.
We show that their solution for the partition function has the same form as the scaling
function (2.19) for our model with continuous height variables but discrete columns.

In [5], the surfaces are represented by continuous functions h(x), where % represents
the height of the surface above the substrate at the position x along the substrate. For
the case where the one-dimensional interface moves in an external field U/ (h) = Hk the
Hamiltonian reads

L
HIA] =f dx Ia (1 +h’(x)2)”2+Hh(x)} ®.1)
o]

where the substrate has a length L and the integral over the first term gives the surface
tension o times the area of the surface (the prime denotes differentiation with respect to x).
This term is expanded with the argument that only the long-wavelength fluctuations with
mild variations of & will be relevant. Thus one obtains

L o,
’H[k]:f dx [Eh x) —}-Hh(x)] B.2)
1]
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omitting the h-independent contribution o L.

The partition function Z is a functional integral of the functional exp{—gH[A]} over all
contours that satisfy the periodic boundary condition 2(0) = A(L) and respect the presence
of the substrate: A(x) > 0. Gompper and Kroll calculate this functional integral [, 10] as

Z=) expl-LBE;} (®3)
where the E; are the eigenvalues of a Schrédinger-type equation:
1w _
—-2‘3—6051- (h) + B(HE — E))i(h) =0 (B.4)

and the boundary conditions are ¢;(0) = 0 and limy, o ¢;(7) = 0. The solutions of (B.4)
are Airy functions:

¢:(h) = Ai(2B%0 HY'\Ph + a;) (B.5)
_(BH)¥?

BE; = _W‘:i (B.6)
where the {a,} are the zeros of the Airy function Ai, ordered as 0 > a; > gz > .... Hence,
the partition function becomes

00
Z = Zexp{?.ma,-x’} (B.7)
i=}
with the variable x’ defined as
i 35 173 /3

The partition function (B.7) is of the form (2.19) and the variables x and x' contain the
characteristic combination ¥ H%> and LH%*? respectively, although with different metric
prefactors.

References

[1] Fisher M E 1986 J. Chem. Soc. Faraday Trans. Il 82 1569

[2] Porgacs G, Lipowsky R and Nieuwenhuizen Th M 1991 Phase Transitions and Critical Pheromena ed C
Domb and J L Lebowitz (New York: Academic)

[3] Schick M 1990 Liguids at Interfaces ed J Charvolin, J F Joanny and J Zinn-Justin (New York: North Holland)

[4] van der Veen J F 1986 Phys. Rev. B 34 7506

[5] Kroll D M and Gompper G 1989 Phys. Rev. B 39 433

[6] Burkhardt T W 1981 J. Phys. A: Math. Gen, 14 63

[7]1 Watson G N 1962 Theory of Bessel Functions (Cambridge: Cambridge University Press}

[8] Abramowitz M and Stegun | A (ed} 1970 Handbook of Mathematical Functions (New York: Dover)

[9] Gel'fand I M and Yaglom A M 1960 J. Math. Phys. 1 48

{10] Feynman R P and Hibbs A R 1965 Quantum Mechanics and Path Integrals (New York: McGraw-Hill)



